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CERTAIN PROBLEMS OF AN ARBITRARILY ORIENTED STRINGER
IN A COMPOSITE ANISOTROPIC PLANE”

A.F. KRIVOI, G.YA. POPOV and M.V. RADIOLLO

The fundamental solution for a composite anisotropic plane is constructed
taking defects into account -onthe:line separating the materials. On this
basis, a mathematical formulation is given of the contact problem for an
arbitrarily oriented stringer located in one of the half-planes, in the
form of a singular integral equation with a fixed singularity. The
solvability of the equation obtained is proved. The power nature of the
behaviour of the solution isclarified (by using the asymptotic properties
of Cauchy~-type integrals), and the conditions are established for the
satisfaction of which the mentioned asymptotic form is strengthened by a
logarithmic polynomial. An exact solution is constructed for the problem
of a semi-infinite stringer leaving the line of material separation at

an arbitrary angle, and an analogous problem for a finite inextensible
stringer. It is hown that the asymptotic form of the contact shear
stresses at the point of departure does not depend on the elastic
properties of the stringer.

Solutions of analogous problems for anisotropic and orthotropic half-
planes can be obtained by a passage to the limit. Such problems were
examined earlier for a finite stringer in an anisotropic half-plane /1/
and for a semi-infinite stringer perpendicular to the boundary of an
orthotropic half-plane /2, 3/. An incorrect assumption was made here
about the power-logarithmic nature of the behaviour of the solution at
the point of stringer departure at the boundary (the authors incorrectly
utilized the asymptotic properties of Cauchy-type integrals). The error
of the result /2/ is mentioned in /3/ where an exact solution of the
problem is constructed. However, the true reason for the error is not
given here, in which connection a false deduction is made about the
fact that the asymptotic form of Cauchy-type integrals does not permit
a unique solution of the question of the nature of the singularity if it
is assumed to be power-logarithmic. The error of this deduction is shown
below.

1. Construction of the fundamental solution. consider a piecewise-homogenecus
plane consisting of two different anisotropic half-planes (=20, |y ] << o) not completely
contacting along the line z = (. Four of the following quantities

HEW =0 @) Lo ¥ (n=2,3,45y=L) (1.1)
Pt y) =0.(=0,5), @FEY =140y

¢t (7)) =0 v (+0,p)

BEG =0 (£0y) (W=l k=t Zm—n )

m
Tk

are considered to be known on sections where there is no direct interaction between the half-
planes {(z =0, y = L).

Let a concentrated force with the projections Py and P; on the z and y coordinate axes,
respectively, be applied to an arbitrary point {r, ¥,) of the plane. It is required to find
the components of the stress and strain state of the plane.

We will call the matrix U = {u,;(z, y, %oy ¥0)} (n =1, 2, ..., 5; j == 1, 2) the fundamental
solution (in the sense of the theory of generalized functions) of the plane problem for a
composite anisotropic medium if its components satisfy the system of equations

O1tus; + Odtugj==8;;6 (z — Zo, ¥ — o) (1.2)
dhtus; + Garag ;== 8930 (x — 2oy ¥ — Yo)
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Ol == anly; -+ Graley; + Qislisy
Dytugj== Gaaliz; + Qazliyj -} G26l3;
Oxtup; + Ortug; == @rglia; - dagly; 1 Losliy;

G = 0 (2) @un + 6 (—2) @mu, 8mn is the Kronecker delta, &8(z, ¥y} and 6 {z) are the Dirac and
Heaviside functions, and s amn are coefficients of the generalized Hooke's law /4/ for the
half-planes z >0 and z<{0, respectively.

For j==1 system (l1.2) describes the stress and strainstate of a plane due the action
of a single concentrated force in the direction of the z-axis, and for j =2 in the direction
of the y-axis.

By virtue of (1.1} the components of the matrix U satisfy the following conditions on
the line of connection of the materials z =0

Unj (”{” 0, y, zo, I/n) g (— 0, Yy Tos Yo) = H% (y) (1.3)
(n=2,3,45ys1)

We apply a Fourier integral transform in y (with the parameter B) and a generalized

transform /5/ in =z (with parameter a) to the system (1.2). Introducing the notation
o 13
Un; zS wh; (x) eio5dz, Upy= — S wh; {) eioxdz,

©

—00
oo

n; (2) = S U (, y) e'Budy

—o0

for the semitransform, and relying on the known properties /6/ of the latter, we obtain a
Riemann matrix problem in the semitransform of the stress tensor components

B (@ V* (@)= B @V (@) + F(@) (— o0 <a< o) (1.4)
v;fj |~—icc 0 —ip

Vi) =|vl|, Bf@=| 0 —#
llﬂ: Zzﬁ l!si

H

U3]'
L (a, B) = anpta? — aystaf + antp?,  L* (o, B)=anta? —
azstaf 4 a1tf?
— 8y exp [i (a0 -+ Byo)] + h3;
F (o) =||— 8y;exp [i (azo + Bya)] -+ R3;
H(— iB)* hy; + afhy
Io (@, B) = aatar — aseta + eastPt, hE5(E) = § AL (y)etdy

D
The solution (1.4) is constructed successfully by reducing the problem to the solution
of a Riemann scalar problem. To this end, we first consider the following problem about a
Jump :
VZj(a)-v7u(°t)= Foj(a) (—o0 {a<oo,n=1,2)

Frj(o)==—1i ﬁg—n 53—n.JeXP[L(axo+ Byo)] —
(3) ™ vw@) + 1S s )
Their solution has the form
— i)t~

Vi (@) == 0 {4-zy) '*—“*W- 83-n, s explilars + Byo)] F
4‘71 i B £ h;»rb, i ®

Lﬁ 2—n ) a)n—-l

SEELE

Eliminating v, (n =1, 2) in the third relationship of (1.4), we arrive at the above-
mentioned Riemann scalar problem in the function uvg; (@)

Papbs; () = gy (@) ~ (Qap — Gap) (— o0 <L &< ) (1.5)
pap == antgt (a,B) 7t (@ B), g% (x,B)=(a—Pat)(a— pznl)

Qus = exp [i (o -+ Byo)] 1']2: Crara (0, B) B,

e (0, B) =1 ‘;‘ZII [8 (z20) L™ (@ B) + 8 (— 20) L™ (0 B)]
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Gap =m2=zcm‘(a, B) m; (B) + 2

cot == i)y (W l),
5w — zaﬁ’

gt = —

g == !’C"fﬁ,

The known property Imz,x >0 /4/ of the roots of the characteristic polynomials

involves the following fact.

Lemma. The function g~ {z, BY/g* {z, §) (G (2, B)/G* (2. B
half-plane Imz<< 0 (the upper half-plane Imz > 0)
plane of the complex plane

Relying on this assertion, we solve problem (1.5
The transforms bk, (rn =2, 3), hyy” (n = 2, 3, 4, 5) are co
the transform of the fundamental matrix components.
considered to be known on the line &z =0, the soluti
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* (@, B) hm; (B)
iatfa (ls* T~ la),

Pagt

}} is-analytic for B >0
and for B <O

in the lower
in the upper {(lower) half-

z=oa +if,, and its index on the line z =a is zero.

) and thereby problem (1.4) as well.
ntained in the expressions obtained for
Since four functions from (1.1) are
on found in a should be inverted and

conditions (1.3) utilized to eliminate the unknowns /8/.

For instance, if the jump H,” (y)

(n=2,3,4,5) are given on L, then by eliminating h,;¥ we obtain the fundamental solution
Uy =Wy, (p=1,2,3), Gluy—=wy, Oluy; =wp,; (p=4,5) (1.6)
1 % + : + Hm-' )
w,,; (, Y, Zo, Yo) = —Im Z {9 (x)Nm[Z Can S T::-_Tdt +
Nzl M= L

8 (z0) R, 2 ] ®

Fa—=lno {3 . mZJZ L y“ Tt

6 (— ) ot (+ Zo) ank —

w,— Vno ;Z{ CDMJ} e =+ —bE *
B{T =z} Ljnk
P‘ni - Pfo

M =z, 2+ y, I*}o = 2,%29 + Yo, RJ:% = lit (znd:) kot

Khr =D& (5)bEE, LE.=1F(F)bEE, Ni= ()

NE=1, Ni=—123% NEi=LlL* (zn%), NE =t {z,%)

Now= 1,21t (2,3), Nf=2z2h*(2%), kt=(—1)"x
[ﬂgiiqi (Z,,i, 1)(311 — Zgi)]_l, LT {Z) = (Agi’ -+ iAli) Z —

iAai, lgi (Z) = A(i ""l:Ali + iA‘zﬁ:Z
Ali == ani Im (Zlizft), Aai = azni Imi(zli + 351)9
At = gt Im (122,72 (51T - Z5T))

—1 k+n
A(i = aui - a“:t Re (ZliZzi), I)nv, == —|zf———_—);—‘rd'" x
d + + - ot
{m + It @) — W (Fn) — znen (D9t Gn) — I (Zkﬂ)]}
— g k+n+1d-1 o L - -

by = m T (@) — I (350) — Zana [Do" (Ghe) —

I (Zra)]}y d=ratrs* — (') — (rO) (e = A" £ A7)
(n=1,2,3,4)

The quantities bif are obtained from biF by replacing the indices 4= in all the
gquantities by their opposites; we will not present the expressions for Cct, which are analogous
in form since they will not be used henceforth.

Analogous expressions are obtained for the components of the matrix U if other combinations
of the functions from (1.1) are considered known.

The fundamental solution obtained enables us to give a mathematical formulation of
different problems for a composite anisotropic plane containing defects both within and on
the line separating the half-planes in the form of singular integral equations (or their
stem). In particular, if there are no defects on the line of separation, we should set

Hy )=0m=2,3,4,5 in (1.6).

2. Reduction of the problem about a stringer to an integral equation. Let
a stringer (a thin inclusion resistive to just tension of compression) be contacting along
the whole length § = (0, @) (0 <C a<C o0) with the right half-plane (z > 0}, loaded by a concentrated
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force P at the point z =y =0 and located at an angle n/2—¢(|¢| < #/2) to the line of
separation of the materials (Fig.l) A concetrated force P* = (P,*, P,*) is applied to the plane
at a certain point (z,, ¥4). The shear stress p(f) (¢t = S) orginating
in the contact zone and satisfying the equilibrium condition

(pyar——rp 2.1)
8
is considered unknown.
By using (1.6) and realizing the condition of compatibility
of the deformation of the stringer and the plane, we arrive at a
singular integral equation with a fixed singularity at the point
t =71 =0 with respect to the contact stress desired

Kyl —cR X1 =7/ tes1=10, 1)) 2.2)
Y({t)=p(at), coe=acy, Cc, = (ESO(])_17 fty=— f1(at)

a 2

e L N

0 Kim=1 T £ knt
o N[ 0E08 | N[ 8EE O (=) Ein }
ty=—"—1Im ) —
h) n ‘;1{ T—E, +n24=1 t—-Er, t—8&rn
¢ d (As* cos? A+ sin 2 A,* sin?
Ru[)’.](t)E S X(T)dT, g=— (As* cos q)-ja+i}_5(ll;“+?;+ o+ sin? ¢

t
Cyn==VaVi', Vy=12;"Cos@ + sinp, & =pixvi"
E:"n = E;*V;ly Ern= P;*V?y }11:!:* =1z,%2, + Y,
g =MXi ki in=MFu'Bins gin = MK bin
Qen=binMAng™l, R ==L"(z") cos ¢ + L* (z*) sing

it = Pyl 4 Po*lg, b= L (z)

(E and S, are Young's modulus and the cross-sectional area of the stringer).
We will investigate (2.2) in the Banach space of the functions L,{,p) d<p, pt)y =1t

A—ty, p—1>6>-—-1+pRev, p—1>y> —1+p/2,0< Rev<<1)with norm introduced in /8/,
for example.

3. Analysis of the behaviour of the solution at the endpoints. It can be
shown that the solution in the neighbourhood of one possesses the asymptotic form

A =01 —ty"h), t—-1-0 3.1

Taking account of the property of integrability of the solution that results from condition
(2.1), we assume that the asymptotic representation is valid (M, () is a certain polynomial
of exact degree n)

% (8) =0 ("M, (In1), t—0, 0L Rev<<ti,n=0,1,2, ... (3.2)

To determine v and n we set y (£) = %y (&) VM, (Int) (e (0) 550, | % (0) | < o0). Let v+ 0, then by
using the relationships (8.35) and (8.36) from /9/, an asymptotic formula can be obtained for
the operator K,
v (0 o ) Q 3.3
K [0 =114 (0) Y =2 — 6 (v) MP (In2) + 2 () (3.3)

k=0

. i % _ _
sin vaG, (v)==cos vt + -~ [(— exn)¥* Gkn — (— Exa)* Tanl)

n, k=1

i3 dk
MP ()= - M, (z)
X

Using (3.3) and also taking account of the boundedness of the functions f(f) and R, [x] (¢
for x ()= L,(I,p) on I, we obtain the following relationship from (2.2)

: (3.4)

Qe (t) =114 (0) Z G (v)(':) MY (Intf(— 1)1 5
=0

Here Qf (8) (k = 1, 2) are certain functions possessing the property
Qe (t)=0(tv*), t—0, >0 (3.5)
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It follows directly from relationships {3.4) and (3.5}
GO W) =0, k=01, ..., n) (3.6)

If v=0 in (3.2), then by using (8.30) and (8.31) from /9/, we obtain an asymptotic
formula in place of (3.3) (B; are Bernoulli numbers, £, (f} is bounded at zero)

4 A
0 . — k+1 i
K[ =220 3 ¢ ooy A= — 30657 + 2w 0
=0

=0

ky . :
}‘*j,k: (}. )(2) — 2) ﬂJBj

) d
G.(eo =

x
= [sin nnGy (M)} n=e

which, when utilized in the same way as (3.6}, results in the relationship
=0 k=0,1,...,n)

Comparing the last relationship with (3.6), we can find that —v in (3.2) is the (r-+1)-
tuple root from the strip 0 < Reny <1 (including the point v = 0 also} for the transcendental
equation

Gy (n) = sin Gy () = 0 3.7

It is not possible to show the existence and uniqueness of such a root in the general
case. However, on satisfying the condition

0<d, <1 {3.8)
dy= A (2 ), kE=Astcos@ + Aisin2e + Astsinte
the presence and uniqueness of a root of the Eq.(3.7) in the strip O<{Rev<C! can be
ensured. Condition (3.8) is satisfied for known anisotropic materials (including orthotropic
and isotropic), where the root mentioned turns out to be real. Therefore, the index v of
the singularity and the degree of the logarithmic polynomial in the asymptotic form (3.2) of
the solution of (2.2) is determined by using the asymptotic properties of Cauchy-type integrals,
despite the assertion made in /3/.

The incorrectness of this assertion, as well as of the results in /2/, is related to the
fact that a relationship of the type (3.4) was multiplied, without any justification, by a
function whose order of zero agrees as t-—0 with the order of the singularity of the highest
term in the principal part of the asymptotic form of the desired function. Hence, as -0
terms having a stronger singularity than is controlled by condition (3.5) were lost. We note
that this same procedure was used in /10/. However, it did not result there in an erroneous
result since it was assumed that the behaviour of the solution is only of a power mature.

4. The exact solution of (2.2) for ¢ =0 and its solvability in the general
case. We consider the integral equation
Khxlm=70 ¢teh 4.1

which is obtained from (2.2) if we set ¢, =0 and which corresponds to the problem of a finite
inextensible stringer. To obtain the exact solution we predetermine (4.1) on the whole semi-
axis.

Ko [t JO=1_0) +1.0) ©<t<) “2)
0, 1) (0<t <1
x,(t).f_(t)x{xuof() §12t>< )

{4, () 1is a certain function that equals zero in the intexrval (0, 1)).
Analysis of the behaviour of y: {f) taking (3.1) and (3.2) into account shows

Y () =0 @~Mo(lnt), t—0; 1 ()=0(1—t"), t—1—0
X+ B=0((— 1)_'/')s t—14+0; %) =O(t‘1)’ t~> 0

This implies the analyticity of the Mellin transform

X+ (3) = S L (i) t-dt, X (S) = S % (1) -1t
1 [:3

for Res<<4 and Res > Rev, respectively.

Applying the Mellin integral transformation to (4.2), using the convolution theorem, and
taking account of the integrals (2.2.4.25) and (2.2.4.26) in /11/, we arrive at the Riemann
problem
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X,M=GMX_(M)+F.(m) METI:Res=mn) (4.3)

1

Rev<yi<<l, Gm=Gy(n), F_(n)=—/{j@)ma
0

where X4 (1) are analytically continuable functions in the half-planes Q, and Q_, respectively
(Q,: Res<<y;; Q: Res > y,). Relationship (2.1) and a theorem of Abel type for problem (4.3)
supply the additional conditions

X_(1)=—"Pla, Xi(s)=0(s'h) (58— o0,s&T) (4.4)

As a result of some reduction, the coefficient of problem (4.3) allows of the representa-
tion

GM)=Km)G (M), Gi(n)== (4.5)
cosn—gn—1) —g(n—1) —g(1—m)
cos i — 1
i K (m) T +w2) __T¢+m)
Em=tey-xm  LO=rgrw - L0="Tu

The functions K4 (s) are analytic in the domains @, and Q_, respectively, and the
following asymptotic form holds:

Ky (5)=0((-F /o))y s—>00, s5&Qy {4.6)
The function G, (1) possesses the following properties (Hr is the class of functions
satisfying the Holder condition on T):
Gi(s)#0 s=Q=02_N1Q,) 4.7)
IndG, () =0, nG s M)
Therefore, well-known formulas /9/ can be used to factorize G, (y). Furthermore, taking

account of properties (4.4), (4.6) and applying Liouville's theorem, we obtain a solution of
problem (4.3), and therefore of (4.1) also

1 Dtm) A—-Y¥"(m) ,_
X(t):T:tTS_—K+(n) —em M ¢=D) (4.8)
1 ¢ InG
CD(s):exp[ T S—%T‘(;)—dt], ¥ (s)=
1 ¢ K, dt
2_m§ Ll):(t) F_() t—s

PYd, -
A= ——=> 4+ V(1)

Taking account of the boundedness of the function f(t) ({ = I), it can be shown that the
highest term in the asymptotic form % () is determined as ¢ -— 0 by the residue of the integrand
at the point (v), the first (r 4 1) -tuple pole of the function Gy(n) to the left of the contour
I', and has the form (3.2).

It can be seen that all the above remains true if the arbitrary function f({) € L, {, p)
possessing the properties

fR)=0(1 —tpE), t—1-=0, ft)=0(™), t—0 (4.9)
e >0, Revo< Rev

is taken as the right-hand side of (4.1).

According to (4.8), the homogeneous Eq.(4.1) (f(f) = 0) (corresponding to the case P, = 0)
has one linearly dependent solution. It is shown analogously that the conjugate equation
K,*[x*1(t) = 0 (K,* 1is the operator conjugate to Ky) in the space L, (I, py) {g = pl(lp — 1), py =
t° (1 — ), 0 = —8g/p, ® = —yg/p) conjugate to the space L, (I, p) has only a zero solution under
the condition (3.8).

The following is therefore proved.

Theorem 1. Under condition (3.8), Eq.(4.1) is a Noether equation in L,(I,p) (1 <p << oo,
p=t{1—¢t)Y, p—1>8>—1+pRev, p—1>v>p/2—1)and its index equals one. Under
the additional condition (2.1), Eq.(4.1) has the unique solution (3.8) that possesses the
asymptotic properties (3.1), (3.2) under the conditions (4.8).

The continuity and boundedness of the operator R, in L, (I, p) as well as Theorem 3.4
from /12/ and 4.1 enable us to formulate the following assertion.

Theorem 2. Under condition (3.8), Eg.(2.2) is a Noether equation in Ly (I, p), its index
equals one, and under the additional condition (2.1) it has a unique solution that possesses
the asymptotic properties (3.1), (3.2) under the conditions (4.9).
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We note that questions of the solvabilitv of singular integral eguations with fixed
singularities were apparently first investigated in /8/. In particular, the solvability is
shown for the integral equation of the problem examined in /10/.

5. Exact solution for a semi-infinite stringer. Here (2.2) takes the form (¢ =

)

Ko [p1(8) — cqR Ipl (1) = —f1 () (0 <t << o0) (5.1)

As in the case of the finite stringer, the operator K« evidently vields exhaustive
information about the nature of the behaviour of the sclution as t-» 0, and therefore, the
following asymptotic representation holds (see (3.2))

pit)=00@"M,(Int)), t—>0 (5.2)

As f~> oo the operator R, exerts a decisive influence on the nature of the behaviour
of the solution. Thus if the stringer is inextensible (¢, = 0), then the solution of (5.1)
that vanishes at infinity as *¥ has the form (it is here assumed that P = 0)

=3 ¢ F .,
PO="2 § -t
Yy

(T :Rem=1y9, Rev<71¢<{2—Rev)

Fay=— pyema
0

(We note that the homogeneous Eg.(5.1) has only a zero solution foxr ¢, =0). If ¢,% 0, then
for (5.1) to be satisfied as ¢-» o0 it is necessary to impose the following condition on the
solution: p(t) = O({V*), 1> 1, t— oo, Taking account of (5.2) and Theorem 3.1 of /13/, that
latter enables us to obtain the first-order difference equation

XM+ )=—-CmXm——-Fm), n=T={Res=m} (5:3)

for the Mellin transform of the desired function that is analytic in the strip wW=w,|
W— (W,,_={s|k<ﬂe's<y,}, W¢={3l?2< Bes<l+1}, AE(RB"! 1)7 Y,E(A,Z—Rev))and tends

tozeroas|Ims|— > within this strip.
The represenation (4.5) holds for G (s). Here (see /14/, say)

s s Ko (s) . s 2
TR T =Fern Keb)=—1g o CEW)

The function K, (s) is analytic in W, and the properties (4.7) hold for the function
G, (s) that is analytic in the strip W,. Therefore, taking account of the results in /15, 16/,
we write the canonical solution of the homogeneous problem (5.3) in the form

Xo@) =Y B)G1() K () sEW,; Xo(s) =Y () K3'(5)
seW_
Y(s)=exp{-%§ Gy (t)etg 7t (t — s)dt}

We note that another approach was applied to the solution of an equation of the form
(4.4) in /3/.

Following /16/, we represent the solution of the inhomogeneous problem (5.3) as follows
(A is a constant determined from the additional condition (2.1)):

X (s) = Xy (s) |4 + cos nts Z, (s)] (5.4)
Zy(s)=Z (@)~ F(s),s&S W, Z,(s) =2 (s), se=W_

1 . s F(s)
Z(s)=T‘SF, @) sint @ -s)dt, F(s) = ooy = Hr

Passing to the limit as s—T in (5.4) and using the Sokhotskii formula, we obtain (5.1)
in two equivalent forms after inversion

1 I (n) yim - £\
POy = § — 3T Gosg ¥ [4 + cosnnZ (“)](T.) dn (5.5)
T
2

A=—Pc,Vd, + 2Z°(1)
Taking account of the analyticity properties of the functions Y= (s) in the strips Wy,
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respectively, the asymptotic representation (5.2) is easily confirmed, and the order of decrease
of the solution at infinity, v = —1, 1is easily refined.

6. Numerical analysis of the transcendental equation. The roots of the tran-
scendental Eg. (3.7}, that depend on the elastic constants of the half-planes and the angle of
rotation of the stringer, play an important part in the solutions of the problems examined above.
Anumerical analysis confirmed that {3.7) has one real prime root in the interval (0, 1) for
different combinations of the guantities to be varied when (3.8) is satisfied.

In particular, results of calculations of the roots of (3.7) in the interval «0,1) are
presented in Figs.2-4 for a plane from a boron epoxy composite (the left half-plane)with the
parameters E, = 410° MN/m2, E~ = 4100 MN/m2, 6= 5404 MN/m2 v~ = 0.25, 5~ — 5.08i, and z,~ = 0.62i
and for a graphite epoxy composite (the right half-plane) with the parameters E;* = 4.10? MN/m®,
Ey = 1,6410% MN/m2, G, = 0.8-10% MN/mz, v* = 0,25, 7" = 6 99i, z,* = 0,71, The computations were performed
for different values of the angles formed by the principal axes of the material elasticity of
the right (¢ and left (§;) half-planes with the axis z and the values of the stringer slope
0o W2 Curves I-6 correspond to the values +,=0, n/8, n/4, 3n/8, n/2.

It is seen that a minimum value of the index of the singularity, in absolute value, can
be achieved by a suitable selection of the angles Y, ¢, ¢. An analogous situation occurs if
certain of the parameters mentioned are fixed for any reasons whatever.

4.8 .8 7,8 7
Vﬁl J/J 5&1:” M —57/‘_‘___> ,a‘-_-_ﬂ'/# v ﬁﬁ= /2
05\2\\%\ 05 p ~TN o ,/ X\
PRSI )

e > a#! 5 24 "5*_/ 5

Fig.2 Fig.3 Fig.4

The following regularity was also detected during the calcuations: if the left half-plane
ig stiffer than the right in its elastic characteristics, then the index of the singularity
will always be greater than 0.5 and v—1 as Ey —oo(k=1,2); if the left half-plane is weaker,
then v< 0.5 In particular, if Ey —0, the quantity v tends to the appropriate indices for
the problem of a stringer emerging on the boundary of an anisotropic half-plane (see Fig.2 in

/7).
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SPHERICALLY LAYERED INCLUSIONS IN A HOMOGENEOUS ELASTIC MEDIUM®

S.K. KANAUN and L.T. KUDRYAVTSEVA

A three-dimensional homogeneous and isotropic elastic medium is considered

that contains an isolated inhomogeneity (inclusion) in the shape of a
sphere. It is assumed that the elastic moduli of the medium within the
sphere depend only on the distance r to the centre of the inclusion. It

is shown that in the case of a constant external field the problem of the

equilibrium of a medium with an inhomogeneity reduces to a system of

ordinary differential equations in three scalar functions of the variable

r. An inhomogeneity with a piecewise-constant dependence of the elastic
moduli on r (a spherically layered inclusion) is examined in detail. 1In
this case, an effective calculational algorithm is proposed to construct

the solution of the problem. The solution of the problem of cne inclusion

is then utilized to determine the effective elastic moduli of a medium
with a random set of spherically layered inclusions and the estimates of
the stress concentration at individual inhomogeneities. The method of

an effective (selfconsistent) field is used to take account of interaction

between the inclusions.
The problem of a spherically layered inclusion in a homogeneous
elastic medium was solved /1-3/ for particular forms of the constant

external field. The method proposed below enables us, within the framework

of a single scheme, to examine both spherically layered inclusions with
practically any number of layers and inclusions with elastic moduli

varying continuously along the radius for an arbitrary homogenecus external

stress {(strain) field.

1. The integral equation of the problem. In an infinite homogenecus medium with
the elastic modulus tensor ¢, let there be an isolated inhomogeneity occupyving a finite domain

v whose characteristic function is V (z), where =z (z;, 7y, 3) 1is a point of the medium.

We shall

consider the elastic modulus tensor ¢ ({z) to be a piecewise-smooth function of the coordinates
with the domain V. We examine the deformation of the medium ¢ {2} under the effect of self-

equilibrated forces at infinity and certain mass forces.

Let g, (z) denote the external field of deformations that would exist in a medium when

there are no inhomogeneities and the same loading conditions. It is known /4/ that a

perturbation of the strain tensor e, (z) =¢ (z) — €, (r) in a medium with an inhomogeneity will

satisfy the equation
&0 () + SK«zﬁw (z— )PP (@) e (7)) d2' =
¥

— S Kopp (x — &) P (2) Boyp (2')d2’,  Cr(z)e=c(2) ~Co
v

(1.1)

The kernel K (z)of the integral operator K in this equation is expressed in terms of the

second derivatives of Green's function G (z) for the medium ¢,
Keaprp ()= — (VaViGay (2)@prccm

(1.2)

The function € {z) satisfies the well-known equation (8§ is the Kronecker delta, and § {z)

is the delta function)
VolSP Y, Gy () = — 8,88 (x)

(1.3)
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